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Abstract
This paper explores “black hole” solutions of various Einstein-wave
matter systems admitting an isometry of their domain of outer commu-
nications taking every point to its future. In the first two parts, it is
shown that such solutions, assuming in addition that they are spherically
symmetric and the matter has a certain structure, must be Schwarzschild
or Reissner-Nordstro¨m. Non-trivial examples of matter for which the re-
sult applies are a wave map and a massive charged scalar field interacting
with an electromagnetic field. The results thus generalize work of Beken-
stein [1] and Heusler [12] from the static to the periodic case. In the third
part, which is independent of the first two, it is shown that Dirac fields
preserved by an isometry of a spherically symmetric domain of outer com-
munications of the type desribed above must vanish. It can be applied in
particular to the Einstein-Dirac-Maxwell equations or the Einstein-Dirac-
Yang/Mills equations, generalizing work of Finster, Smoller and Yau [9],
[7], [8], and also [6].
For equations of evolution, time-periodic or stationary solutions often cor-
respond to the late time behavior of solutions for a large class of initial data.
In the general theory of relativity, time-periodic “black hole” solutions, if they
exist, seem to provide reasonable candidates for the final state of gravitational
collapse. Such solutions can be defined as those invariant with respect to an
isometry of the domain of outer communications which takes every point to
its future, or more generally, such that points sufficiently close to infinity are
mapped to their future.
In the case of a continuous family of isometries (i.e. stationary and static
solutions), this problem has a long history and goes under the name “no hair”
conjecture. See [4] for a survey of results and a recent important refinement.
Current proofs depend on various extra assumptions and truly satisfactory the-
orems have only been obtained in the vacuum and electrovacuum static case.
The aim of this paper is to try to generalize some results from the static
case to the spherically symmetric “time-periodic” case. The study of periodic
solutions to the Einstein equations was initiated in Papapetrou [13] [14]; see
also [11]. The analyses indicate that vacuum solutions which are periodic near
null infinity should in fact be static there, but they are far from complete, and
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depend very much on analyticity assumptions on the nature of null infinity,
assumptions which do not appear to be physically valid. This paper appears to
be the first to address the issue of the existence of periodic solutions in a non-
analytic setting, in particular, in a setting compatible with the evolutionary
hypothesis.
After briefly setting some basic assumptions (Section 1) regarding spheri-
cal symmetry, we shall show in Section 2 that for a certain class of matter,
non-trivial spherically-symmetric black-hole phenomena cannot be described by
solutions invariant with respect to a map taking some point to its future. In
Section 3, we shall enlarge the class of matter for which the result applies by
taking another approach, which in effect reduces the problem to the static case.
The method of Section 3 is related to the arguments of [10].
In the spherically symmetric context, the above two sections generalize in
particular results of [1] and [12], and Section 2, where it applies, provides a
new and easier approach for the static case. Moreover, no assumption of in-
variance of the matter with respect to the isometry is necessary, nor is any
real understanding of the behavior of the isometry on the event horizon. In
fact, the results apply equally well when the “periodic” assumption is weakened
to an appropriate notion of “almost periodicity”. Key to the results are the
monotonicity properties of the area radius or the Hawking mass.1
In Section 4, which is independent of Sections 2 and 3, we shall show that
Dirac fields preserved by an isometry of the form described above must vanish.
The method exploits conservation of the Dirac current. There has a been a
series of recent work [9], [7], [8] where static spherically symmetric solutions of
various coupled Einstein-Dirac-matter systems are considered, and also work [6]
where periodic solutions of the Dirac equation on a fixed Reissner-Nordstro¨m
background are considered. Modulo differences in regularity assumptions, all
this previous work follows as a special case of the result of this section, which
furthermore excludes non-trivial periodic solutions to a large class of coupled
Einstein-Dirac-matter systems.
It should be stressed that the results of this paper suffer from some of the
deficiencies of the original “no hair” theorems. A critical discussion of various
geometric and regularity assumptions that appear here, and a comparison to
[7], [8], [9] and [6], is included in the end (Section 4).
1 Some basic assumptions
Let (M, g) be a spacetime on which SO(3) acts by isometry and let Q be the
quotient manifold. We assume that the induced metric on Q has bounded
curvature. This implies the existence of local null coordinates u and v in a
neighborhood of every point of Q such that the induced metric has the form
−Ω2dudv. Recall (e. g. from [2]) the area radius r and the Hawking mass m
defined on Q.
1We prefer to use the Hawking mass due to its special significance in spherical symmetry.
One can equally well work only with area radius.
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Our assumption on Q2 is basically that it strictly contain a complete domain
of outer communicationsD, bounded in the future and past by an event horizon,
more precisely, that it contain a region whose conformal diagram looks like:
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Null geodesics whose endpoint in the above diagram lies on null infinity have in
fact infinite affine length; null infinity is thus not contained in Q. On the other
hand, we assume that the points on the event horizon are contained in Q. The
event horizon is the union of a future directed null geodesic ray (denoted H+)
and a past directed ray (denoted H−). As in the diagram, we require these rays
to intersect, i.e. the point H+ ∩H− is also in Q.3 Since Q is open, this means
that all inextendible null rays emanating from points of D either cross the event
horizon and leave D or have infinite affine length. We also assume r is bounded
below on D by a positive constant.
We will assume furthermore that the domain of outer communications ad-
mits an isometry τ , which descends to Q, i. e., such that it induces an isometry
on D such that τ∗r = r, etc. This latter part follows for instance if we assume
that the action of SO(3) on M is unique. Moreover, we will assume τ takes
some point p ∈ D to its future, i.e. τ(p) ∈ I+(p).
The orbit τn(p) must be contained in the timelike line r = r(p). Moreover,
since the distance between τ(p) and p is non-zero and must equal to the distance
between τ (n+1)(p) and τn(p), it follows that τn(p) approaches future timelike
infinity, and τ−n(p) approaches future past timelike infinity. In particular, given
any point q ∈ D, there will be a τ i(p) in I+(q), and a τ−i(p) in I−(q). Since
the causal relation between two points is preserved by an isometry, it follows
that τ(q) and q cannot be connected by an achronal curve. For τ2iq could then
never be in the future of τ i(p). Thus τ(q) ∈ I+(q) for all q ∈ D, and moreover,
there are no limit points of the orbits τn(q) in the closure of D.
The key behind all our arguments will be to show that the existence of the
isometry implies that certain quantities vanish on the event horizon. In the
2The extent to which the assumptions made here can be retrieved from more primitive
assumptions will be considered in Section 4.
3Note that this is the familiar restrictive assumption from the “no-hair” theorems; it ex-
cludes in particular the case of the critical e = m Reissner-Nordstro¨m solution. For more, see
Section 4.
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simplest cases, covered by the following section, this will then uniquely deter-
mine the wave matter to be constant on the event horizon, and then constant
everwhere, by application of a uniqueness theorem for solutions of the charac-
teristic initial value problem.4 In the case where the matter satisfies the weak
energy condition, the vanishing of this quantity is proven using the monotonicity
properties of the Hawking mass.
2 Exploiting the coupling with gravity
We refer the reader to [2] for a derivation of the Einstein equations in spher-
ical symmetry with a general energy-momentum tensor. We will assume here
that these equations are satisfied pointwise (i. e. all functions that appear are
bounded) in the null coordinate charts of our atlas for an induced energy mo-
mentum tensor Tab on Q which satisfies the energy condition Tuu ≥ 0, Tuv ≥ 0,
Tvv ≥ 0. Here we always select v such that null geodesic rays from points of D
generated by ∂v are future-directed and have infinite affine length (i. e. “termi-
nate” on null infinity). It follows from
∇a∇br =
1
2r
(1− ∂cr∂cr)gab − r(Tab − gabtrT ) (1)
that ∂ur ≤ 0 and ∂vr ≥ 0 in D
5 and then, from
∂am = r
2(Tab − gabtrT )∂br (2)
that ∂um ≤ 0 and ∂vm ≥ 0.
We then have the following
Proposition 1 Let τ be an isometry of the domain of outer communications
D as described in the previous section. It follows that ∂vr = 0 and ∂vm = 0 on
H+ and ∂ur = 0, ∂um = 0 on H
−.
Proof. The proof is by contradiction. Suppose p and q are two points on H+
such that r(q) = r(p) + ǫ for ǫ > 0. By continuity of r there exists a point
4Note that in the spherically symmetric context, one can interchange the notions of space-
like and timelike on the quotient manifold Q, making D = J+(H+ ∪ H−), and thus, for
appropriate equations, data on the event horizon determines solutions throughout D, by ap-
plying standard theorems [3].
5The arguments are similar to those of [2]. Assuming one of the inequalities does not hold,
one argues by integrating (1) that r will have to become zero after a finite affine length in the
direction of a null geodesic that terminates at the event horizon, a contradiction.
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q′ ∈ D on the ray generated by −(∂u)q such that r(q
′) > r(p).
H −
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It follows from the equations ∂ur ≤ 0, ∂vr ≥ 0 that r > r(p) in D∩J
+(q′). Now
consider the point p′ at the intersection of the null ray generated by −(∂v)q′
and the null ray generated by −(∂v)p. Again, by the relation ∂ur ≤ 0 it follows
that r(p′) ≤ r(p). Now the assumption on τ implies that there exists an N
such that τn(p′) ∈ D ∩ J+(q′) for all n > N . But since τ is an isometry
r(τn(p′)) = r(p′) ≤ r(p). This is a contradiction. One can then apply the same
argument with m in place of r, and then for H− replacing H+, thus completing
the proof. ✷
In virtue of the equation (2) and the boundedness of Tuv, it follows from
the above proposition that since ∂vm = 0 and ∂vr = 0 on H
+ and similarly
∂um = ∂ur = 0 on H
−, we have Tvv = 0 on H
+ and Tuu = 0 on H
−.
We now proceed to outline the more restrictive assumptions on the structure
of the matter which will be necessary for our results. The first set of assumptions
reflects the structure of the energy-momentum tensor itself. These are:
1. T = T (Ψ, F, g) where F is a skew symmetric 2-tensor, and Ψ takes values
in some space endowed with a connection ∇˜, such that if ∇˜XΨ = 0 iden-
tically for all X ∈ T ∗M , then T corresponds to the energy momentum
tensor of a spherically symmetric electric field Fµν satisfying the source-
free Maxwell equations. Here ∇˜X is the induced connection on M .
2. Tvv = 0 should imply ∇˜vΨ = 0, and Tuu = 0 should imply ∇˜uΨ = 0.
Here ∇˜v = ∇˜∂v , etc.
One example of such a T is the energy momentum tensor generated by a wave
map φ : (M, g) → (N, h) interacting (via the gravitational field only, since it
does not carry charge) in an electromagnetic field Fµν :
Tµν = FµλFνρg
λρ −
1
4
gµνFλρFστg
λσgρτ + hAB(φ
A
;µφ
B
;ν −
1
2
gµνg
ρσφA;ρφ
B
;σ)
A special case of the above is of course when N is Rn with the flat metric and φ
is then a collection of n real scalar fields. Another example is the energy momen-
tum tensor generated by a massive complex scalar field φ in an electromagnetic
5
field Fµν with electromagnetic potential Aµ
Tµν = FµλFνρg
λρ −
1
4
gµνFρσFλκg
ρλgσκ
−
1
2
gµνM
2φφ¯ +
1
2
(φ;µφ¯;ν + φ¯;µφ;ν)
+
1
2
(−φ;µieAν φ¯+ φ¯;νieAµφ+ φ¯;µieAνφ− φ;νieAµφ¯)
−
1
2
gµνg
ρσ(φ;ρ + ieAρφ)(φ¯;σ − ieAσφ¯) + e
2AaAbφφ¯.
For T satisfying 1 and 2, it follows that ∇˜vΨ = 0 on H
+ and ∇˜uΨ = 0 on
H−. Since the restriction of a connection to a one-dimensional set is trivial, we
can then choose coordinates for a space representing the degrees of freedom for
Ψ such that Ψ is in fact constant on the event horizon. If in local coordinates
xa ∈ Q the system of equations for Ψ, with Fµν , gab, and r fixed, is of the form
∂a∂aΨ = F (∇Ψ,Ψ, xa) (3)
with F a sufficiently regular function6, then the characteristic initial value
problem with initial data on the event horizon is locally well posed, provided
Ψ is assumed sufficiently regular [3].7 If this equation admits the solution
Ψ = Ψ(H+∪H−), then this must be the only solution in the vicinity of the hori-
zon, and by a continuity argument, this domain of dependence property can be
extended to guarantee uniqueness throughout D. A sufficient condition for this
is clearly F (0,Ψ, xa) = 0. Thus, in view of the fact that spherically symmetric
solutions of the Einstein-Maxwell equations are necessarily Reissner-Nordstro¨m,
we have
Theorem 1 If Tµν satisfies conditions 1 and 2, and Ψ satisfies a system of the
form (3), with F (0,Ψ, xα)(p) = 0, and if τ is as in Proposition 1, it follows that
D coincides with the domain of outer communications of a Reissner-Nordstro¨m
solution.
Note that the above theorem applies to the wave map system, which can be
written
∂α∂αΦ = Γ(Φ)(|∇Φ|
2).
where Γ is an expression involving the Christoffel symbols of (N, g). (Compare
with [12]. The above argument reproves, in particular, the static result, and
seems considerably easier, as it does not depend on the geometry of the target.)
Also note that, in the above argument, we have not assumed that τ preserves
Ψ, only that it preserves the metric. In fact, it suffice to assume that given any
point p, then for all ǫ there exists an N(ǫ, p) such that |m(τn(p)) −m(p)| < ǫ
for |n| ≥ N . Such solutions can be called “almost periodic”.
6Note that for fields which couple directly to the Fµν tensor, there is a regularity assump-
tion on F as well as on g implicit in (3).
7Recall the comment from before that to apply [3], one should first redefine the metric gab
to be its negative, so D becomes J+(H+ ∪H−).
6
3 Constructing a Killing vector and reducing to
the static case
Unfortunately, as it stands, the argument of the previous section cannot be
applied in the case of a complex scalar field or a massive scalar field, for then
the dependence of F on Ψ is not of the type described above. In particular,
there do not exist constant non-zero solutions.
It is perhaps instructive to compare here with the static case. The argument
of Bekenstein [1], say for the scalar field ✷φ =Mφ with M > 0, goes roughly as
follows: Integrating the equality ∇α(φ∇
αφ) = ∇aφ∇
αφ +Mφ2 using Gauss’s
theorem, the boundary contributions along the event horizon vanish, while the
contributions along two spacelike curves which are carried to one another by
the isometry cancel. Moreover, the divergence is non-negative, since in a static
solution ∇φ is spacelike, and 0 only if the solution vanishes. Thus, either the
solution is identically 0, or there must be a boundary contribution at infinity,
i.e. the solution does not decay as r →∞. (This would imply that the curvature
does not decay, and thus the solution would not be asymptotically flat.)
The above Bochner-type method and arguments based on it cannot be ap-
plied directly in the periodic case as∇φ may have negative length. With slightly
more effort than in Section 2, one can show that for various examples of matter–
including the case of a charged massive scalar field, for instance–our initial data
determine a static solution, and then apply the above argument to show that
this solution must thus not decay at infinity.
The idea is similar in spirit to Theorem 1, except that now we will apply
the uniqueness theorem to the solution of the characteristic value problem to a
system of second order hyperbolic equations derived from Killing’s equation.
First, we introduce the following new assumptions: Letting xA, xB denote
coordinates on S2, we assume
1. ∂vr = 0 on H
+ and ∂ur = 0 on H
−
2. Tvv = 0, ∇uTvv = 0 on H
+ and Tuu = 0, ∇vTuu = 0 on H
−.
3. ∇vTAB = 0 on H
+ and ∇uTAB = 0 on H
−.
Given an isometry τ as before, Assumptions 1, 2 and 3 above follow for a
large class of matter, including the case of a complex scalar field interacting in
an electromagnetic field. (See the Appendix.)
We define v and u on the event horizon so as to yield an affine distance
on the event horizon as measured from the point H+ ∩ H− on H+ and H−
respectively, i.e. we will be assuming that guv = −1 on H
+ ∪H−. We now will
define a particular null vector field K on the event horizon, and extend it to
D as the unique solution of the initial value problem, with initial data on the
event horizon8, for the equation
✷Kα = −KβRβγg
γα. (4)
8Recall the comment in Section 1 about the well-posedness of this problem in spherical
symmetry, because of the symmetry between timelike and spacelike directions.
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The choice of the definition will be to ensure that LKgµν = 0 on H
+ ∪H−. For
now write K|H+ = K
v(v)∂v and K|H− = K
u(u)∂u, where we will determine
immediately following what Kv(v) and Ku(u) have to be.
Let us concentrate first on H+. In the null coordinates defined above (where
in addition xA and xB are taken to be normal coordinates), the only non-
vanishing Christoffel symbol are Γuuu, Γ
B
uA and Γ
v
AB. Outside of H
+, Γuuu, Γ
v
vv,
ΓBuA, Γ
B
vA, Γ
u
AB, Γ
v
AB are the only non-vanishing components. Note also that on
H+,
R = 2guvRuv + g
ABRAB
= −2(−∂uΓ
v
vv − ∂uΓ
A
vA) + g
AB(∂uΓ
u
AB + ∂vΓ
v
AB)
= 2∂uΓ
v
vv + 4g
AB∂u∂vgAB
= 2∂uΓ
v
vv + 2(R+ 2Ruv),
and thus, we have that
∂uΓ
v
vv = −
1
2
R− 2Ruv.
We compute
✷Ku = −2∂u∂vK
u,
✷Kv = −2∂u∂vK
v + ∂vK
v(−gABΓvAB) +K
v(−∂uΓ
v
vv),
and thus (4) gives,
∂u∂vK
u = 0, (5)
∂v∂uK
v = −
1
2
∂vK
vgABΓvAB −
1
2
(∂uΓ
v
vv +Ruv)K
v
= −
1
2
∂vK
vgABΓvAB +
1
4
(R+ 2Ruv)K
v
= −
1
4
∂vK
v
∫ v
0
(R + 2Ruv)dv +
1
4
Kv(R + 2Ruv). (6)
Recalling (LKg)αβ = Kα;β+Kβ;α, in view of our knowledge of the Christoffel
symbols, and the fact that Kv = 0 on H
+, we obtain
(LKg)uv = ∂uKv + ∂vKu = −∂uK
u − ∂vK
v, (7)
(LKg)vv = 2∂vKv = −2∂uK
u = 0,
(LKg)vA = 0, (LKg)uA = 0,
(LKg)AB = −Γ
u
ABKu − Γ
v
ABKv = 0,
(LKg)uu = 2(∂uKu −KuΓ
u
uu) = −2∂uK
v. (8)
Thus, if we are to have (LKg)αβ = 0 on H
+, it follows from (7) that
∂uK
u = −∂vK
v. (9)
8
Rewriting (5) as ∂v∂uK
u = 0, it follows from (9) that
∂v∂vK
v = 0,
and thus that Kv = Cv. Using (9) again, and the same argument, it follows
that Ku = −Cu on H−.
Of course, to show that indeed we have (LKg)αβ = 0 on H
+, for the K
defined above, it remains to show, in view of (8), that
∂uK
v = 0.
Since the above equation is indeed true at H+∩H−, it follows that it is enough
to show that ∂v∂uK
v = 0, or, by (6), that
−
1
4
∂vK
v
∫ v
0
(R + 2Ruv)dv +
1
4
Kv(R+ 2Ruv) = 0.
Assumption 2 together with the conservation of energy-momentum implies that
∂vRuv = 0, and Assumption 3 implies that ∂vR = 0, and thus, R + 2Ruv = c
where c = (R + 2Ruv)|H+∩H− . Thus we compute
−
1
4
∂vK
v
∫ v
0
(R+ 2Ruv)dv +
1
4
Kv(R+ 2Ruv) = −
1
4
C(cv) +
1
4
(Cv)c = 0.
We can take then C = 1 and we have found a nontrivial vector field vanishing
at H+ ∩H− satisfying LKg = 0 on H
+, and similarly, LKg = 0 on H
− as well.
Denote now the totality of matter by Φ. In terms of this K defined, we
assume further
4 LKΦ = 0
9 on H+ ∪H−.
5 The quanitities LKgµν and LKΦ satisfy a system of equations which, when
everything else is treated as fixed, only admits the zero solution if they
vanish on H+ ∪H−.
All our assumptions taken together imply that we have produced a vector
field K such that LKg = 0, i.e. a Killing field K on D. Note that a similar
argument ensures that K is also a Killing field “downstairs”, i.e. that Kr =
0. From this, it follows that K must be timelike. Since K does not vanish
identically on the event horizon, it follows that there exists a p ∈ D such that
K(p) 6= 0. Thus K does not vanish along the line r = r(p), which must be the
orbit φt(p) where φt denotes the one parameter group of isometries generated by
K. Since all future directed constant-u null rays must intersect the line r = r(p),
it follows thatK can nowhere vanish. For if it did at some point q, then choosing
a point s on r = r(p) which can be connected to q by a spacelike curve, then
φt(s) for large enough t is in the future of φt(q) = q, which contradicts the fact
that φt is an isometry.
We have thus proven
9The expression LKΦ can be tricky to define if the equations have a gauge invariance.
Typically, this will mean that there is a choice of gauge for which the matter can be expressed
by some Φ for which LKΦ = 0. See the appendix for the case of a complex scalar field.
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Theorem 2 For an Einstein-matter system satisfying Assumptions 1, 2, 3, 4,
and 5 above, the domain of outer communications is static.
4 Exploiting a conserved current: the case of
the Dirac equation
In the case of Dirac fields, the arguments outlined above do not apply because
this matter does not satisfy the positive energy condition. This is related to the
fact that the Dirac field probably provides a reasonable model only after second
quantization. But in fact, considerations regarding periodic solutions are even
easier than in the previous section, and can be studied without applying the
coupling with gravity, which played a central role in the previous argument.
We refer the reader to [6] for background on this problem in the uncoupled
case, and to [9], [7], [8] in the coupled static case. In particular, we recall the
Dirac matrices Gα, which operate on Dirac fields Ψ, which are sections of an
appropriate spinor bundle. The precise form of the Dirac equation will depend
on the other matter fields present to which the field is coupled. We will simply
assume that Ψ satisfies in local coordinates, after fixing the metric and the other
matter fields, a linear equation of the form
iGα∂αΨ = F (Ψ), (10)
where F (0) = 0. Note that by squaring the Dirac operator, it follows that Ψ
satisfies a system
✷Ψ = F˜ (∇Ψ,Ψ, xα). (11)
We further assume that the vector field Ψ¯GαΨ provides a positive current, i.e.
Ψ¯GαΨXβgαβ ≥ 0
when Xβ is future directed and timelike, with equality only in the case where
Ψ vanishes, and moreover, this current is conserved:
∇α(Ψ¯G
αΨ) = 0. (12)
We do not assume that Ψ is spherically symmetric, but we do assume that it
is defined on a spherically symmetric domain of outer communications as before,
preserved by an isometry τ , as before, in the sense that
τ∗(Ψ¯G
αΨ) = Ψ¯GαΨ. (13)
Moreover, we assume that all other matter fields are spherically symmetric,
and thus we can write Ψ as the sum of spherical harmonics each of which satisfy
a wave equation of the form (11), but on Q, not on M .
Consider a spacelike curve γ which divides D into two connected compo-
nents, and intersects the event horizon at H+ ∩ H−. Let X be the future
normal vector field to γ. Fix a point q on the event horizon and p on γ. We
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denote the part of γ connecting p with spacelike infinity by γp. Then for an
isometry τ as in Proposition 1, There exists an n such that τn(p) and q can be
connected by a spacelike curve γ˜:
H −
Dp
q
H
+
γ
τ (γ )n p
(p)nτ
γ∼
Nu
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Null infinity
We will assume Ψ is locally bounded, and that
∫
γ
Ψ¯GαΨXβgαβ <∞.
The latter assumption is quite reasonable in view of the fact that this integral
should equal to the probability of observing the particle on γ, which should be
normalizable to something less than 1. Now integrating the conservation law
(12) and applying Gauss’ theorem, and since
∫
γ˜
Ψ¯GαΨXβgαβ > 0
it follows that∫
H+∩J−(q)
Ψ¯GαΨXβgαβ ≤
∫
γ
Ψ¯GαΨXβgαβ −
∫
τn(γp)
Ψ¯GαΨ(τn∗ X)
βgαβ
=
∫
γ
Ψ¯GαΨXβgαβ −
∫
γp
Ψ¯GαΨXβgαβ
=
∫
γ\γp
Ψ¯GαΨXβgαβ ,
where the second line follows from the fact that τ is an isometry and (13).
But as p→ H+ ∩H−, the term on the right hand side approaches 0. Thus,
since the left hand side is nonnegative, it follows that
∫
H+∩J−(q)
Ψ¯GαΨNβgαβ = 0
for all q and consequently, Ψ¯GαΨNβgαβ = 0 identically on H
+, and similarly,
Ψ¯GαΨNβ−gαβ = 0 on H
−, where N− denotes the null vector tangent to H
−.
11
Since N−+N at H
−∩H+ is timelike, it follows by the positivity of the current
that Ψ in fact vanishes there.
It turns out that the behavior of Ψ on the event horizon, deduced above,
together with the Dirac equation, imply that Ψ vanishes identically on the event
horizon:
Choose coordinates u, v, x1, and x2 in a neighborhood of H+ ∩ H−, such
that, g = −Ω2dudv + g˜ijdx
idxj . It follows from the properties deduced above
that a spinor representation can be chosen such that GuΨ = 0, Gu∂vΨ = 0, and
Gu∂xiΨ = 0 on H
+, while GvΨ = 0, Gv∂uΨ = 0, and G
v∂xiΨ = 0 on H
−.
From the anticommutation relations it follows that GvGv = 0, GuGu = 0.
Multiplying the Dirac equation (10) by Gu, and restricting to H
+, one obtains,
i(GuGv∂vΨ+G
uGx
i
∂xiΨ) = G
u(F (Ψ)).
Since GuGx
i
= −Gx
i
Gu by the anticommutation relations, it follows from
GuΨ = 0 that iGuGv∂vΨ = G
uF (Ψ). Again, from the anticommutation re-
lations, one obtains that GuGv = 2guv −GvGu, and thus, since Gu∂vΨ = 0,
∂vΨ = f˜(Ψ) (14)
for a well-behaved function f˜ with f˜(0) = 0.
From the fact shown above that Ψ = 0 at H+ ∩H−, it now follows immedi-
ately from (14) that Ψ must vanish identically on H+. One argues in the same
way to obtain that Ψ vanishes identically on H−.
This condition completely determines initial data for the characteristic initial
value problem for each of the spherical harmonics of the Dirac equation10, and
thus assuming that Ψ is in a space sufficiently regular, all the spherical harmonics
must vanish identically in D by uniqueness of the solution of the characteristic
initial value problem, and thus Ψ = 0 in D.
Again, it is clear from the proof that one can replace the assumptions on
τ with the assumption that for all p, ǫ, there exist N(ǫ, p) such that |n| ≥ N
implies ∣∣∣∣∣
∫
γp
Ψ¯GαΨXβgαβ −
∫
γτn(p)
Ψ¯GαΨXβgαβ
∣∣∣∣∣ < ǫ.
There is thus a sense in which the result holds for “almost periodic solutions”
as well.
5 A note on the assumptions
As discussed in the beginning, the motivation for considering “time-periodic”
solutions (Q, g) is as “limiting” final states of graviational collapse. Thus, a
priori, it makes sense only to assume that Q be defined to the future of a
10See the remark in the previous section about the change of sign of the metric gab
12
spacelike surface S.
+
H
D
Null infinity
In view of our assumptions on the existence of an isometry τ , however, given
a fundamental domain F such that S ⊂ ∂F , one can construct in an obvious
way Q˜ and τ˜ an isometry of Q˜, such that Q˜ = Q ∪i τ
−iF . In the spherically
symmetric case, if the energy momentum tensor satisfies the energy condition,
it follows that this spacetime will also have a past boundary. For it is clear by
the arguments of Section 2 that since ∂vr > 0 in D, it must become less than
the infimum of r within finite affine length in the direction −∂v. Moreover, by
arguments similar in spirit to the proof of Proposition 2, this boundary can be
shown to have a natural null structure and we can denote it as before by H−.
H −
D
+
H
Null infinity
On the original Q, it is reasonable to assume only the regularity that might
be induced from being a limit of regular “collapsing” spacetimes outside the
event horizon H+. By monotonicity, r and m can be extended to H+, but the
regularity of matter fields may be quite weak. The regularity implications for
H− may in fact be weaker.
Moreover, there is no guarantee that the spacetime can be extended so that
H+ and H− intersect, much less for fields to have any sort of regularity there.
(Compare with the Reissner-Nordstro¨m solution with e = m.)
Our results, on the other hand, depend very much on the existence of the
point H+ ∩H−, and on some assumptions of regularity along these null curves.
While both of these aspects of the setup could possibly be weakened, it is clear
that some sort of regularity assumption will certainly be an integral part of any
argument involving well-posedness of the characteristic value problem.
For another approach to these issues of regularity, it is instructive to compare
with the work of Finster, Smoller, and Yau. In [7], [8], and [9], static spherically
symmetric solutions to the Einstein-Dirac-Yang/Mills and Einstein-Maxwell-
Dirac equations were considered, and in [6], periodic solutions of the Dirac
equation on a Reissner-Nordstro¨m background.
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In the above series of papers, solutions of the Dirac equation are in fact
permitted to blow up along the event horizon, in a very specific way, and the
normalization condition is relaxed near the event horizon.11 Thus, from one
point of view, their assumptions could be considered weaker. On the other hand,
[7], [8] and [9] introduce assumptions at the level of C∞ of the metric at the
horizon, and various auxiliary coordinated-dependent conditions and power-law
assumptions, while [6] depends very much on an assumption on the vanishing of
a certain flux over H−. In [6], the considerations regarding the analysis of Φ on
H+ relate to a particular choice of “extension” of Φ beyond the event horizon,
and they also seem to depend on the conformal geometry of the interior of the
Reissner-Nordstro¨m black hole, a geometry which is thought to be unstable. It is
unclear how any of these conditions are justified if we view Q as “generated” by
the process outlined in the beginning of this section, and thus whether anything
is gained by allowing a priori for a more singular behavior of Φ.
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7 Appendix
We will show that a complex scalar field indeed satisfies the assumptions of
Section 3. To reduce the equations to a determined system, we will have to set
a gauge. We will require thus that Av = 0 on H
+ and Au = 0 on H
−, and
the components AB = 0 as well, where x
B are coordinates on S2. We will also
introduce the notation D for the covariant derivative defined by the connection
A, i.e. we have Dµφ = φ,µ + ieAµφ.
Note that the only non-vanishing components of the electromagnetic tensor
Fµν are Fuv and the collection FAB, where A and B range over coordinates on
S2.
Thus,
Tvv = DvφDvφ, (15)
Tuu = DuφDuφ, (16)
Tuv = −
1
4
guvFABFCDg
ACgBD −
1
2
guv(DuφDvφ+DvφDuφ),
TAB = FACFBDg
CD −
1
4
gABFMNFCDg
MCgND.
In particular, the existence of τ implies that Tvv = 0 on H
+, Tuu = 0 on H
−,
and thus ∂vφ = Dvφ = 0 on H
+ and ∂uφ = Duφ = 0 on H
−. Moreover, since
11The motivation for this seems to be more the global behavior of the special (r, t) coordinate
system and its associated gauge, than observations which could be made by local observers,
employed here.
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∇uTvv = ∂uTvv, applying ∂u to (15) yields ∇uTvv = 0 on H
+ and similarly
∇vTuu = 0 on H
−. Assumptions 1 and 2 of Section 3 thus hold.
Now, Maxwell’s equations
Fµν;ρg
νρ − ieφDµφ+ ieφDµφ = 0,
restricted to H+, yields the equation
∂vFvu = 0,
and on H−, the equation
∂uFvu = 0.
Similarly, the equation F[AB,v] = 0 yields
∂vFAB = 0,
and
∂uFAB = 0,
throughout D. Thus we have ∂vTAB = 0 on H
+ and ∂uTAB = 0 on H
−, and
this implies Assumption 3.
To write a determined system of equations, we impose the equation ∇αAα =
0. Note that this equation, together with the condition that Au = 0 on H
+ and
Av = 0 on H
− implies that LKAµ = 0 on H
+ ∪ H−. For, on H+ we obtain
that Au,v =
1
2Fuv, and thus
(LKA)u = K
µAµ,u +K
µ
,uAµ
= KvAu,v +K
u
,uAu
= KvAu,v −K
v
,vAu
=
1
2
KvFuv −
1
2
∂vK
vFuvv
=
1
2
CvFuv −
1
2
CvFuv = 0,
(LKA)v = K
vAv,v +K
u
,vAu +K
v
,vAv = 0 + 0 + 0 = 0.
Our equations for the matter Φ = (Aµ, Fµν , φ) thus now become
∇αAα = 0,
A(µ,ν) = Fµν ,
∇αFαµ = ie(φDµφ− φDµφ),
gµνDµDνφ = 0.
Applying LK to these equations, and using the equation (4) yields
∇α(LKA)α = L(∇LKg) + L(LKg),
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(LKA)(µ,ν) = L(LKφ) + L(LKg),
✷(LKφ) = L(∇LK(g)) + L(LKA) + L(LKg) + L(LKF ).
Here, the notation L(x) means terms linear in x. Noting that
LKT = L(g) + L(φ) + L(A) + L(F ),
and that LKFµν = (LKA)(µ,ν), we have that given g, A, F , and K, the above
system coupled with the equation
✷LKg = L(LKT ) + L(LKg)
can be written as a closed linear hyperbolic system in 1+1 dimensions for LKA,
(LKφ), and (LKg), with vanishing initial data on H
+ ∪H−, and for which 0 is
a solution. Since 0 is a solution of this system it must be the only solution, by
uniqueness of this initial value problem, i.e. the final assumption of Section 3 is
also verified.
The argument clearly also applies to the massive case, and to more general
so-called Higgs fields.
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